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Within the limits of a semi-empirical  theory based on a two-layer 
system, as proposed in [5], an examination is made of the influence 
of mass addition, homogeneous with the main flow, on friction and 
the parameters of the turbulent boundary layer (thickness of the lami-  
nar sublayer, velocity at the edge of the laminar sublayer, etc. ). 

The inf luence  of  m a s s  addi t ion  on su r f ace  f r i c t i on  
and hea t  t r a n s f e r  in the  t u r b u l e n t - b o u n d a r y - l a y e r  c a s e  
i s  examined  in [1 -5 ]  and e l s e w h e r e .  In the  so lu t ion  of 
the  c o r r e s p o n d i n g  equat ions ,  add i t iona l  a s s u m p t i o n s  
of  one kind o r  ano the r  w e r e  made  r e g a r d i n g  the th i ck -  
n e s s  of the  l a m i n a r  s u b l a y e r  o r  the  ve loc i t y  at  i t s  
edge .  The p r e s e n t  p a p e r  i n v e s t i g a t e s  the  inf luence  of 
m a s s  add i t ion  on the p a r a m e t e r s  of  the bounda ry  l a y e r  
and on f r i c t ion ,  on the b a s i s  of the  g e n e r a l  r e l a t i o n s  
of a t w o - l a y e r  s y s t e m  in the  s e r e ] e m p i r i c a l  t h e o r y  of 
t u r b u l e n c e .  

To eva lua t e  the  v a l i d i t y  of the  l i m i t i n g  laws  d e v e l -  
oped in [6], and a l so  fo r  s i m p l i c i t y  of  ca lcu la t ion ,  the 
c a s e  of  an i n c o m p r e s s i b l e  l iquid i s  examined  h e r e .  
More  e o m p l i c a t e d  p r o b l e m s  wi l l  be examined  in l a t e r  
p a p e r s .  

To obta in  an a p p r o x i m a t e  so lu t ion  of the  p r o b l e m  
posed ,  we sha l l  a s s u m e  tha t  the  f r i c t i o n  s t r e s s  m a y  
be  r e p r e s e n t e d  as  a p o l y n o m i a l  in the  d i m e n s i o n l e s s  
v e l o c i t y  ~9 = Vx/U , th i s  be ing  

= ~,., ( 1 -!- A~tp q- A~o 2 q- Aaq)a). (1) 

We sha l l  d e t e r m i n e  coe f f i c i en t s  At, A2, and A 3 f r o m  
the  b o u n d a r y  cond i t ions ,  u s ing  the  equat ions  of mot ion  

--i Oy G-:mY ay pay (2) 

F r o m  (2), we find that ,  when ~ = 0 

& 0 2 x 
- -  = ~ v~u,  - o .  (3) 

Using  (3), and a l so  the  condi t ion  that ,  when r = 1, 
~- = 0, we obta in  (1) in the  f o r m  

=*,,~ 1 + ' - - - - r  1 +  ~z . (4) 

In a c c o r d a n c e  wi th  the  b a s i c  r e l a t i o n s  of  the  s e m i -  
e m p i r i c a l  t h e o r y  of  t u r b u l e n c e ,  we sha l l  a s s u m e  tha t  

I 
ov ! 

w h e n y _ > 6  L o r  ~9_> ~L,  and w h e n y _ 6  L 

-c = puO~/3y. ( 6 )  

The t h i c k n e s s  of the  l a m i n a r  s u b l a y e r  i s  d e t e r -  
mined  f rom the condi t ion  

&~ =~L-O @ ~+o (7) 

F r o m  (7), t ak ing  (5) and (6) into account ,  we obta in  

~m--  k V TL/9 (8) 

Subs t i tu t ing  ~" f r o m  (4) into (8), we have  

k~ ,~v,ou : ' '~v""- 1 ( 9 )  8 a = - ~ - ' ~  t ~- q ~ - - [  1 - 7 -  Cp 3 

We sha l l  u se  (4) and (6) to d e t e r m i n e  (PL. F r o m  t h e m  
we have 

�9 ~ [ t  +'~176 t ~ c < , ,  q- Pv~"ul.~,,, , r =p.u 3tdc3~ 

I n t e g r a t i n g  the l a s t  equa t ion  and neg l ec t i ng  ~3, we 
ob ta in  

T-2-~ y =  A-~ln(1 + A ~ )  fo r  y ~ 8  L, (10) 
~tt 

w h e r e  A = PVwU/Tw . 
A s s u m i n g  y = 5 L, (o = q~L f r o m  (10), we obta in  a 

second  equat ion  fo r  d e t e r m i n g  6 L and ~OL: 

�9 o, 5L/~ u = A -~ In (1 + A ~L)" (11) 

We sha l l  i n t roduce  the r e l a t i v e  va lue s  6I*, = 5 L / S L  0, 

=  L/r c ]  = c f / c fo ,  where 6L0,  L0, of  0 are 
c o r r e s p o n d i n g  v a l u e s  of  6 L, q~L and of  the  l o c a l  f r i c -  
t ion  coe f f i c i en t  c f  = 2~w/PU 2 when t h e r e  i s  no b lowing 
(A = 0). Then, n e g l e c t i n g  r  we m a y  w r i t e  (9) and 
(10) in the  f o r m  

* * _ 1/2 

N~LO --]// ,_ N,~Lo~*L ,n(1 N*Lo,P*L) (13) 
Cf Cf 

w h e r e  
7 

N = 2 v~/ct0 u, ~a0 = (kdk) ( c # 2 ) - ~ .  

The l a s t  equat ion  e n a b l e s  us  to e v a l u a t e  ~ L  as  a 
funct ion of  N, ~L0 i f  c~ i s  lmown. To d e t e r m i n e  c~ 
we sha l l  f i r s t  ob ta in  an e x p r e s s i o n  for  the  v e l o c i t y  
p r o f i l e  in the  t u r b u l e n t  c o r e  by  s i m u l t a n e o u s  so lu t ion  
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of (4) and (5). We sha l l  l i m i t  go to the f i r s t  deg ree  in 
(4); i n t eg ra t ing  (5) with the  condi t ions  y = 6, ~ = 1, 
we obta in  the ve loc i t y  p ro f i l e  when y >_ 6 L in the fo rm 

N2k 1 / - f ~  In (-~-) = V- c; ._o., N(p -- ] / c  7 -? N. (14) 

Put t ing go =goL, Y = 6L in (14), we obta in  

f i 6 -=exp[  2k '  ( V c T + N  V c ; §  " ) ]  (15) 
6L L N~Lo N q)L~ q)L " 

In the absence  of blowing,  

6o/6Lo = exp [kl (I - -  (~Lo)@goi. (16) 

Taking  (12) and (16) into account ,  (15) may  be w r i t t e n  
a s  

6" = 1 exp / , - 7 - -  ( r  2kl ~ c~ + N - -  

] L ) + k, - - 1 )  . 
' ~L0 

In order to close the system of equations (12), (13), 
and (17) which determine 6 * * 5", L, geL, W and we sha l l  
use  the  yon K a r m a n  i n t e g r a l  r e l a t ion ,  which, i n  the  
c a s e  of  a p la t e  with blowing, m a y  be w r i t t e n  a s  fo l -  
lows:  

dOIdx =.ct/2 + b, (18) 

w h e r e  

0 

We shal l  f i r s t  determine @/5. We have 
I 

e/~ = I' + ( l - -  +) d (y/~). 
b 

It fol lows f r o m  (14) that  

Subst i tut ing th is  e x p r e s s i o n  fo r  the ve loc i ty  in the p r e -  
ceding r e l a t i on  and p e r f o r m i n g  the in tegra t ion ,  we 
obta in  

0 __ l +  3N~,~']( %L~ V c~ + N -- - -  
6 , k'~ I \ k ,  2k~ ,  I 

-2q)Lo ( c ~ §  

When N ~ 0 w e  obta in  

(90 q~Lo [ 1 - -  - -  2 q g L ~  
@ (20) 

Dividing (19) by (20) and us ing  (7), we sha l l  find 
O* = |174 In t roduc ing  | into (18) and going o v e r  to 
a new independent  v a r i a b l e  geL0, we obta in  

dTLo \ (PL0 kl -2~Lo c~ + N - - O *  �9 (21) 

If we r e p l a c e  | in the l a s t  equa t i~  by  i t s  va lue  ob-  
. 

t a ined  f rom (19), (20), and (17), e l im ina t i ng  geL with 
the  a id  of (13), we obta in  an o r d i n a r y  non l inea r  d i f -  
f e r e n t i a l  equat ion fo r  d e t e r m i n i n g  c~ a s  a function of 
geL0 and of the  b lowing p a r a m e t e r  N. Here  N m a y  be 
both a cons tan t  and a function of geL0. 

The  dependence  of  geL0 on Re x i s  found f r o m  the 
known r e l a t i o n s  which a r e  e a s i l y  obta ined f r o m  (16), 
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Fig .  1. Dependence  of the f r i c t i on  coef f i c ien t  on the 
b lowing  p a r a m e t e r :  a) with goL0 = 0 .60 and Re x = 
= 9 . 5 5 -  104 (1); 0 .45  and 2 .24  • 10 s (2); 0 .35  and 
6 .32  • 107 (3); goL0 -* 0 and Re x --* ~ (4); b) with N = 1 

(i), 2 (2), 3 (3). 
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(18), and (20). Equat ion (21) has  been  so lved  n u m e r i -  
ca l ly ,  t ak ing  account  of  (13), (17), (19), and (20), for  
two c a s e s :  When N = cons t  and when b = cons t .  

Because  of  the  u n d e t e r m i n e d  in i t i a l  condi t ions  at  
the  f ront  of  the  p la te ,  b lowing was  p r e d i c a t e d  with 
~LI  = 0.70 (~OLi c o r r e s p o n d s  to q~L0 at  which blowing 
beg ins ) .  The r e s u l t s  of  the  solut ion for  N = cons t  a r e  
shown in F i g s .  1 - 3 .  

F i g u r e  l a  shows the dependence  of r e l a t i v e  f r i c -  
t ion coef f ic ien t  on the  blowing p a r a m e t e r .  It c o m -  
p r i s e s  a f a m i l y  of  c u r v e s  with p a r a m e t e r  ~OL0 (or 
Rex).  Also  shown is  the  cu rve  c o r r e s p o n d i n g  to the 
l im i t i ng  laws [6], and the e x p e r i m e n t a l  poin ts  of 
Mick l ey  [7], a s  c o r r e s p o n d i n g  m o s t  c l o s e l y  to the con-  
d i t ions  of  the ca l cu l a t i on  (Moo ~ 0; Tw/T ~ 1; Re x 
~ 104 - 106). I t  m a y  be seen  f r o m  Fig.  l a  tha t  the 
r e s u l t s  of  the  ca l cu l a t i on  a c c o r d i n g  to the method de -  
s c r i b e d  f o r  f ini te  Re x a r e  c l o s e r  to the e x p e r i m e n t a l  
po in ts  than the r e s u l t  of [6], whi le  both co inc ide  in 
the  l im i t i ng  c a s e  of Re x -* ~ .  F r o m  Fig .  lb, which 
shows the dependence  of c~ on ~L0, i t  m a y  be seen  

. . . .  ~k 
that ,  at points  n e a r  the  o r ig in  of blowing, c f  depends  
v e r y  much on ~OL0, whi le  a s  the d i s t ance  f rom the 
o r i g i n  of  b lowing i n c r e a s e s ,  the dependence  of c?  
on ~0L0 b e c o m e s  w e a k e r ,  and when ~L0 < 0.45, i t  
m a y  be a s s u m e d  tha t  the  r e l a t i v e  loca l  f r i c t i on  coef f i -  
c i en t  does  not depend on ~0L0. This  i n fo rma t ion  m a y  
be used in fo rmu la t i ng  an a p p r o x i m a t e  so lu t ion  of 
(21). In the  s i tua t ion  when c ]  = cons t  and N = cons t  
a long the p la te ,  the  so lu t ion  of (21) m a y  be w r i t t e n  
a s  

' kl - -  2 q)Lo q)LO q)L~ 

Then c ;  m a y  be found f r o m  

kl - -  2 q0LO , q)LO q)L~ 

= { k ~ [ ( 1 + 3 - ~ 1 2  ] \ - -~--  ~ N q ~ ( ~ L ~  *c~+N NqLo~_~ ) 

- -  2 ~PL__2( * k~ cr + N • 

{ �9 X q%o (kl - -  2 q)Lo) V Cf -~- N q)Lo q0L X 

[ 2k~ ) &x (l -- q~Lo)l, 

whe re  ~o~ is  d e t e r m i n e d  f rom (13). Graph i ca l  so lu t ion  
of (23) g ives  va lues  of  ~o L n e a r  the o r ig in  of blowing, 
d i f fe r ing  f rom the exac t  solut ion va lues  by l e s s  than 
10%. As the d i s t ance  f rom the o r ig in  of  b lowing in-  
c r e a s e s ,  so too does  the a c c u r a c y  of  a g r e e m e n t  of 

. 
the two solut ions ,  and, for  6 L = 0 .40 and under ,  i t  
r e a c h e s  ten ths  of a p e r c e n t .  If  the va lue  of  b r e m a i n s  
cons tan t  a long the p la te ,  the so lu t ion  of  (22) m a y  be  
w r i t t e n  in the fo rm 

O* =c7 + t - -  2 kt kl ~ 2TLo - -  

kx (kl - -  2 TL.) r qOL. 

We m a y  a l so  d e t e r m i n e  c~ a p p r o x i m a t e l y  f r o m  the 
equat ion 

J 

/ 

q~o 

[ 2 k2 q~L~ c7 + - - - -  

k~(,-,~o)] =~;+{ ~, ~2 o [ _  -~- 1-2  ~o k.--a~Lo] 
~Lo J \ k ]  ~Lo k~ Z,----2~,o 

- -  ( ~ ) ~  b(kl--2q~L")" k • 
~L. ( ~ - -  2 ~Lo) 

k I (k 1 - -  2 TL,) q~L0 q)LH " 

V a r i a t i o n  of  the  Ra t io  In ~'=:-/,n ~- wi th  
6 a ' I / .  0a0 

Change of  the  Blowing P a r a m e t e r s  
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Fig .  2. Dependence  of ~0~ (a), and of  6L(b) on N: 
1 - 3 )  see  Fig .  l a .  
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Fig .  3. Dependence of VL,/~, (a) and O*(b) on N: 
t 12 

1 - 3 )  see  Fig .  l a .  

The a c c u r a c y  of a g r e e m e n t  of the a p p r o x i m a t e  and 
exac t  so lu t ions  may  be sa id  to be the  s ame  a l so  when 
N = cons t  a long the p la te .  

It may  be seen  f rom Fig .  2 that  q ~  ahvays  de -  
c r e a s e s  with N, and does  so f a s t e r ,  the l a r g e r  Rx i s ;  
a lso ,  as  f a r  a s  6~ is  concerned ,  when Re x - 104 and 
N is sma l l ,  6~ f i r s t  d e c r e a s e s  and then  i n c r e a s e s  with 
i n c r e a s i n g  N. With Re x ~ 106, for  any N, an i n c r e a s e  
in the t h i cknes s  of the l a m i n a r  s u b l a y e r  i s  o b s e r v e d .  
This  o n e - s i d e d  v a r i a t i o n  of t h i cknes s  of the  l a m i n a r  
s u b l a y e r  i s  ev iden t ly  due to a hvofold inf luence of 
blowing.  On the one hand, i t  m a k e s  the l a m i n a r  sub-  
l a y e r  turbulent ,  and on the o t h e r  hand, by d e c r e a s i n g  
the f r i c t ion ,  i t  f avor s  an i n c r e a s e  of  s u b l a y e r ,  It i s  
sugges ted  in some  p a p e r s  [3, 4] that  q~L ~ v , / u  and 

that  the r a t i o  ~fL f-v::: r e m a i n s  cons tan t  dur ing  b low-  
/ U 

ing and equal  to i t s  va lue  in the absence  of blowing.  
U::. 

It  m a y  be seen  f rom Fig.  3a that  the r a t i o  ~PL -~-  

i n c r e a s e s  with N, p a r t i c u l a r l y  when N > 3. F ig .  3b 
g ives  O* as  a function of  N and q)L0- The f igure  shows 
that  the m o m e n t u m  loss  t h i c k n e s s  i n c r e a s e s  with in-  
c r e a s e  of  the b lowing p a r a m e t e r .  

In o r d e r  to eva lua t e  p o s s i b l e  l imi t ing  laws,  va lues  

6 /hi  ~ 0  a r e  p r e s e n t e d  in the tab le ,  f rom of In -~[--; 6[0 

which it m a y  be seen  that  th is  r a t i o  i s  c lo se  to 1 and 
that ,  beginning  f r o m  ~OL0 - 0 .45,  i t  v a r i e s  neg l ig ib ly  
with N. This  enab l e s  us  to sugges t  the  fol lowing s i m -  
p l i f i ed  so lu t ion  to the p r o b l e m  of the inf luence  of b low-  
ing on the p a r a m e t e r s  of the  t u rbu l en t  bounda ry  l a y e r .  

/ In 6 0  ~ 1. a p p r o x i m a t e l y ,  we A s s u m i n g  that  ln -~-  / 6L0 
obta in  f rom (15) and (16) 

N ( l - - r  cT -+ N - - 1 /  c~ + N quo,p~ . (25) 

S imul taneous  solut ion of  th is  l a s t  equat ion and (13) 

c 2 * g ives  and q)L as  funct ions of N and ~OL0. In eng i -  
n e e r i n g  ca l cu l a t i ons  the  inf luence  of blow4ng m a y  be 
eva lua ted  a e e o r d i n g  to (25) and (13) a p p r o x i m a t e l y ,  
and m o r e  a c c u r a t e l y  f rom (23) and (13). 

NOTATION 

x, y) longitudinal and transverse coordinates; v x, Vy) longitudinal 
and transverse velocity components; u) free steam velocity; Vw) blow- 
ing velocity; p) density; k = 0, 39 and kl = 4.30) empirical turbulence 
constants: fl) viscosity; rw) friction stress at the wall; @) momentum 
thickness; 6) thickness of the boundary layer; v,) dynamic velocity. 
Subscripts relate to the parameters: w) on the plate; L) at the edge of 
the laminar sublayer; O) in the absence of blowing. 
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